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1 Introduction 

Let {A n } n ^x be a sequence of real-valued independent identically distributed random 
variables with E[X n ] = and -E[A^] = 1, and denote 



1 n 



n 

k=l 

The celebrated almost sure central limit theorem (ASCLT) states that the sequence of 
random empirical measures, given by 

1 n 1 

ioi^ k 5sk 
to k=i 

converges almost surely to the =yK(0, 1) distribution as n — > oo. In other words, if N is a 
<yV(0, 1) random variable, then, almost surely, for all iGR, 

l Ai 



i Z^TMsk^x} — >P(N^x), as n ^ oo, 

logn ^— ' k 

to k=l 
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or, equivalently, almost surely, for any bounded and continuous function ip : R — > R, 



The ASCLT was stated first by Levy [15] without proof. It was then forgotten for 
half century. It was rediscovered by Brosamler [7] and Schatte [21] and proven, in its 
present form, by Lacey and Philipp [TJ]. We refer the reader to Berkes and Csaki [TJ for 
a universal ASCLT covering a large class of limit theorems for partial sums, extremes, 
empirical distribution functions and local times associated with independent random vari- 
ables {X n }, as well as to the work of Gonchigdanzan [10], where extensions of the ASCLT 
to weakly dependent random variables are studied, for example in the context of strong 
mixing or p-mixing. Ibragimov and Lifshits [12], [TT] have provided a criterion for (11.11) 
which does not require the sequence {X n } of random variables to be necessarily indepen- 
dent nor the sequence {S n } to take the specific form of partial sums. This criterion is 
stated in Theorem 13.11 below. 

Our goal in the present paper is to investigate the ASCLT for a sequence of functionals 
of general Gaussian fields. Conditions ensuring the convergence in law of this sequence 
to the standard <yK(0, 1) distribution may be found in [HJ [T7] by Nourdin, Peccati and 
Reinert. Here, we shall propose a suitable criterion for this sequence of functionals to 
satisfy also the ASCLT. As an application, we shall consider some non-linear functions of 
strongly dependent Gaussian random variables. 

The paper is organized as follows. In Section 2, we present the basic elements of Gaus- 
sian analysis and Malliavin calculus used in this paper. An abstract version of our ASCLT 
is stated and proven in Section 3, as well as an application to partial sums of non-linear 
functions of a strongly dependent Gaussian sequence. In Section 4, we apply our ASCLT 
to discrete-time fractional Brownian motion. In Section 5, we consider applications to 
partial sums of Hermite polynomials of strongly dependent Gaussian sequences, when the 
limit in distribution is Gaussian. Finally, in Section 6, we discuss the case where the limit 
in distribution is non-Gaussian. 

2 Elements of Malliavin calculus 

We shall now present the basic elements of Gaussian analysis and Malliavin calculus that 
are used in this paper. The reader is referred to the monograph by Nualart [T8] for any 
unexplained definition or result. 

Let ^ be a real separable Hilbert space. For any q ^ 1, let $i® q be the gth tensor 
product of Sj and denote by $") &q the associated gth symmetric tensor product. We write 
X = {X(h),h G Sj} to indicate an isonormal Gaussian process over f), defined on some 
probability space {Vt,!F,P). This means that X is a centered Gaussian family, whose 
covariance is given in terms of the scalar product of ft by E [X(h)X(g)] = (h,g)%. 

For every q ^ 1, let 7i q be the gth Wiener chaos of X, that is, the closed linear subspace 
of L 2 (f2, JF, P) generated by the family of random variables {H q (X(h)), h G S), ||/i|L = 1}, 




as n 



oo. 



(1.1) 
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where H q is the gth Hermite polynomial defined as 

2 rlQ 2 

H q (x) = (-iye^ — (e-^). (2.2) 

The first few Hermite polynomials are H\(x) = x, H2(x) = x 2 — 1, H^{x) = x 3 — 3x. 
We write by convention 7i = K and Io(x) = x, x G K. For any q ^ 1, the mapping 
I q {h® q ) = H g (X(h)) can be extended to a linear isometry between the symmetric tensor 
product i} 09 equipped with the modified norm ||-|| fi q = \/? and the gth Wiener 

chaos H q . Then 

E[I p (f)I q (g)]=8 P>q xpKf,9)sp> (2-3) 

where 5 PyQ stands for the usual Kronecker symbol, for / G f) 0p , g G Sj Qq and p,q ^ 1. 
Moreover, if / G f) 09 , we have 

W) = W), (2-4) 

where / G i} 09 is the symmetrization of /. 

It is well known that L 2 (Q, T , P) can be decomposed into the infinite orthogonal sum 
of the spaces Ti q . Therefore, any square integrable random variable G G L 2 (Q, T, P) 
admits the following Wiener chaotic expansion 

G = E[G} + J2lM, (2-5) 

q=l 

where the f q G i} 09 , q ^ 1, are uniquely determined by G. 

Let {ek, k ^ 1} be a complete orthonormal system in fj. Given / G fj 0p and g G i} 09 , 
for every r = 0, . . . ,pAq, the contraction of / and g of order r is the element o f^ (P +9 " 2r ) 
defined by 

oo 

f® r g= ^2 l \f^ e ii®---® e ir)^®{g^ il ®...®e ir )^r. (2.6) 

il,...,ir=l 

Since f ® r g is not necessarily symmetric, we denote its symmetrization by f® r g G 
^0(p+g-2r) Observe that f 0o g = f g equals the tensor product of / and g while, for 
P = I, f <&q g = {fig)f)®ii namely the scalar product of / and g. In the particular case 
= L 2 (A,A, fi), where (A, A) is a measurable space and fi is a a-finite and non-atomic 
measure, one has that fj 09 = L 2 (A q , A® q , /i 09 ) is the space of symmetric and square 
integrable functions on A q . In this case, (12.61) can be rewritten as 



(/ ®r g)(h, ■ ■ ■ , tp+q-2r) ~ / f (h, ■ ■ ■ , t p - r , S\, . . . , S r ) 

X g(tp-r+l, • • • > tp+q-2r, Si, . . . , S r )dfi(Si) . . . G?/^(s r ), 



that is, we identify r variables in / and g and integrate them out. We shall make use 
of the following lemma whose proof is a straighforward application of the definition of 
contractions and Fubini theorem. 
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Lemma 2.1 Letf\ge^ Q2 . Then \\f ® x g\\% m = (f ®! / 

Let us now introduce some basic elements of the Malliavin calculus with respect to 
the isonormal Gaussian process X. Let S be the set of all cylindrical random variables of 
the form 

G = <p(X(h 1 ),...,X(h n )), (2-7) 

where n ^ 1, <p : M. n —> M is an infinitely differentiable function with compact support 
and hi G $). The Malliavin derivative of G with respect to X is the element of L 2 (f2,i}) 
defined as 

n p> 

DG = Y,-^-(X(h 1 ),...,X{h n ))h i . (2.8) 



By iteration, one can define the mth derivative D m G, which is an element of L 2 (Q,$) &m ), 
for every m ^ 2. For instance, for G as in (]2.7I) . we have 

ij=l * J 

For m ^ 1 and p ^ 1, D m ' p denotes the closure of *S with respect to the norm || • || m)P , 
defined by the relation 

m 

\\G\\ p m , p = E[\G\*\ +£;^(||D'G||J B1 ). (2.9) 

i=l 

In particular, DX(h) = h for every /i G fj. The Malliavin derivative .D verifies moreover 
the following cnain rule. If </? : M. n — > M. is continuously differentiable with bounded partial 
derivatives and if G = (Gi, . . . , G n ) is a vector of elements of ID 1 ' 2 , then <p(G) G D 1 ' 2 and 

n p> 

D V (G) = Y J ^G)DG l . 



Let now = L 2 (A, A, n) with \i non-atomic. Then an element u G can be expressed 
as u = {u t , t G A} and the Malliavin derivative of a multiple integral G of the form I g (f) 
(with / G fi 0<? ) is the element DG = {D t G, t G A} of L 2 (A x fi) given by 

AG = D t [/,(/)] = g j,_! (/(.,<)). (2.10) 

Thus the derivative of the random variable is the stochastic process gi^-i (/(-,£)), 

i G A Moreover, 



1^ IW)] Wl = 1 2 I I q -i(f(;t)fKdt). 

J A 
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For any G £ L 2 (fi, T, P) as in (23]), we define 

oo _ 

L- 1 G = -^ -Uf q ). (2.11) 

9=1 

It is proven in [IE] that for every centered G £ L 2 (f2, J 7 , P) and every C 1 and Lipschitz 
function h : R — > C, 

£[G7i(G)] = E[h'(G)(DG, — (2.12) 

In the particular case /i(x) = x, we obtain from (12.121) that 

Var[G] = E[G 2 } = E[(DG, -DL^G)^}, (2.13) 

where 'Var' denotes the variance. Moreover, if G £ O 2 ' 4 is centered, then it is shown in 
[T7] that 

Var[(ZX?, -DL^G)] < -E[\\DG\\%]^E[\\D 2 G ®i D 2 G\\% m ]^. (2.14) 

Finally, we shall also use the following bound, established in a slightly different way in 
[T7l Corollary 4.2], for the difference between the characteristic functions of a centered 
random variable in D 2,4 and of a standard Gaussian random variable. 



Lemma 2.2 Let G £ D 2 ' 4 be centered. Then, for any t £ R. we have 

|£7[e itG! ] — e-* 2 / 2 | < ]t| |1— J E7[G^ 2 ]|+J|lViO J E7[|| J D 2 G? (g)! Z) 2 ^!! 2£7[||Z?<^|| J] 3 . (2.15) 

Proof. For all t £ R, let <p(t) = e e ' 2 E[e itG ]. It follows from fl23ZD that 

<p'(t) = te t2/2 E[e itG ] + te t2/2 E[Ge itG ] = te' 2 /2 E[e itG (1 - (DG, -DL^G)^)]. 
Hence, we obtain that 

\(p{t) - <p{$)\ < sup \(ff{u)\ < |t|e* 2/2 E[|l - (DC-DL^G)^}, 

ue[o,t] 

which leads to 

\E[e itG ] -e-* 2/2 | < |t| #[|1 — (-DG, — DL _1 G%|] . 
Consequently, we deduce from (12.131) together with Cauchy-Schwarz inequality that 

\E[e itG ] -e~ t2/2 \ ^ \t\ \l-E[G 2 }\ + \t\ E[\E[G 2 } - (DG, -DL^G)^], 
< \t\\l- E[G 2 } | + \t\^Vai({DG, -DL^G)^) . 
We conclude the proof of Lemma [2721 by using (12.141) . ^ 
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3 A criterion for ASCLT on the Wiener space 



The following result, due to Ibragimov and Lifshits [12], gives a sufficient condition for 
extending convergence in law to ASCLT. It will play a crucial role in all the sequel. 

Theorem 3.1 Let {G n } be a sequence of random variables converging in distribution 
towards a random variable G^a, and set 



1 n 1 

A n(t) = ] —Y, ] :(z ltGk -E(e UG ~))- (3-16) 
s k=i 

If, for all r > 0, 



sup 



^E\AJt)\ 2 

Y 1 , M < oo, 3.17 
z — ' n log n 



then, almost surely, for all continuous and bounded function ip : M. — > M., we have 
1 n 1 

y^-<p(G k ) — > E[ip(Goc)], as n > oo. 

logn k 
to k=i 

The following theorem is the main abstract result of this section. It provides a suitable 
criterion for an ASCLT for normalized sequences in D 2 ' 4 . 

Theorem 3.2 Let the notation of Section [H prevail. Let {G n } be a sequence in D 2 ' 
satisfying, for all n ^ 1, E[G n ] = and ^[G 2 ] = 1. Assume that 

(A ) sup E[\\DG n \\%] <oo, 



and 



E[\\D 2 G n ®i D 2 GU|L 2 ] -> 0, as n oo. 



T/ien, G n — > A ~ ^(0,1) as n — ► oo. Moreover, assume that the two following 
conditions also hold 



1 n 1 

^ E-r — yir^P'Gfc^i^Gfcll^]* <oo, 

n log n f— ' fc 

fc=i 



ra^2 



< OO. 



Then, {G n } satisfies an ASCLT. In other words, almost surely, for all continuous and 
bounded function <p : K — > R, 



1 n 1 

— E t y(Gfc) — ► £[<p(iV)], asn-^oo. 



logn ' 
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Remark 3.3 If there exists a > such that E[\\D 2 G k ®iD 2 G k \\ 2 m2 } = 0{k~ a ) as k -> oo, 
then (Ai) is clearly satisfied. On the other hand, if there exists C, a > such that 
LE[G&G;] ^ C (j) for all k ^ /, then, for some positive constants a, 6 independent of n, 
we have 



a-1 



1 - 1 
f^nlogn^/ f^^log^ 

which means that (A 2 ) is also satisfied. 

Proof of Theorem Q The fact that G n ^ N ~ «/K(0, 1) follows from pU Corollary 
4.2]. In order to prove that the ASCLT holds, we shall verify the sufficient condition 
(I3.17p . that is the Ibragimov-Lifshits criterion. For simplicity, let g(t) = E(e ttN ) = e~ l I 2 . 
Then, we have 

£|A n (t)| 2 (3.18) 
^E[(e^-g(t))(e-^'-g{t))], 



lo 


5 2 n 




1 


lo 


; 2 n 




1 



kA=l 



*') - p(t) (£(e <tGfc ) + E(e- itGl )) + g 2 (t)] 



Jt(G k -Gi) 

kl ' 



log n ^ fct 

Let f 6 K and r > be such that \t\ ^ r. It follows from inequality (1 2 . 1 5 p together with 
assumption (A ) that 

\E(d tG ») - g(t)\ ^ ^ VlOE[\\D 2 G k & D 2 G k \\\^ (3.19) 



where £ = sup n>1 £?[||DG n ||^]4. Similarly, 

|£?( e -«G«) _ y ( f )| ^ ^VlOEiWD^^D^Wl^. (3.20) 
On the other hand, we also have via (12.151) that 

\E(e lt ^- G ^)-g 2 (t)\ = E(e it ^ 2k ^ L )-g(V2t) 



< v^r 1 - -#[(G fc - Gif] +r^V5E[\\D 2 (G k -G l )^ 1 D 2 (G k -G l )\\l 02 }^ 

< \/2r|£[G fe G,J| + r£V5£[||£> 2 (G fc - G,) ®i D 2 (G k - G?,)||J 8a ]i 
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Moreover 

\\D\G k - Gi) ®! D 2 (G k - G{)\\% m < 2||L> 2 G fe ® l D 2 G k \\% m + 2||D 2 G, <8>i D 2 Gi\\\® 

+4||£> 2 G Jfc <8> 1 D 2 Gi\W® 2 . 

In addition, we infer from Lemma [2. II that 
E[\\D 2 G k ® 1 D 2 Gi\\% m ] = fi^G^i^,^®!]) 2 ^], 

< (£[|p 2 G fe ®j D 2 G fc ||* 99 ])* (£[||D 2 G, ® x D 2 G,||J 92 ])^ 

< ^[H^Gfc^i^GfclM + 1 -E\^\D 2 G l ® 1 D 2 G l \\%^]. 

Consequently, we deduce from the elementary inequality (a + b)* ^ a 3 + that 

\E(e it{Gk - Gl) ) -g 2 (t)\ (3.21 
^ V^rlEiGkG^l+rCVTolElllD^k^D^klll^ + E\\\D 2 G l ® 1 D^f^} 



Finally, (13.171) follows from the conjunction of (Ai) and (A 2 ) together with (13.181) . (|3.19l) . 
(13.20B and (|3.21[) , which completes the proof of Theorem 13.21 ^ 

We now provide an explicit application of Theorem 13.21 

Theorem 3.4 Let X = {X n } n£ z denote a centered stationary Gaussian sequence with 
unit variance, such that Ylrez \p( r )\ < °°? where p(r) = E[X X r ]. Let f : R — > R 6e a 
symmetric real function of class C 2 , and let N ~ ^(0, 1). Assume moreover that f is 
not constant and that E[f"{NY] < oo. For any n ^ 1, let 



1 n 



where o~ n is the positive normalizing constant which ensures that -E[G 2 ] = 1. Then, as 

n — > oo, G n N and {G n } satisfies an ASCLT. Ln other words, almost surely, for all 
continuous and bounded function <p : R — »■ R, 



1 n 1 

— ^7^(G») — ► E[p(N)], asn^oo. 



logn ^— ' k 

to fc=i 

Remark 3.5 We can replace the assumption '/ is symmetric and non-constant' by 

oo 1 OO 

J]-(E[/(iV)^(iV)]) 2 ^|p(r)r<oo and £ - {E[f(N)H g (N)]) 2 £ p(r)« > 0. 

g=l ^' rSZ g=l ^' rGZ 

Indeed, it suffices to replace the monotone convergence argument used to prove (I3.22I) 
below by a bounded convergence argument. However, this new assumption seems rather 
difficult to check in general, except of course when the sum with respect to q is finite, 
that is when / is a polynomial. 
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Proof of Theorem I3.4L First, note that a consequence of ]T7\ inequality (3.19)] is that 
we automatically have E[f'(N)^] < oo and -E[/(iV) 4 ] < oo. Let us now expand / in terms 
of Hermite polynomials. Since / is symmetric, we can write 

f = E[f(N)] + Y,C2 q H 2q , 

q=l 

where the real numbers c 2q are given by {2q)\c 2q = E[f(N)H2 q (N)]. Consequently, 

n oo ^ n 

< = -^Cov[/(X fe ),/(X / )] = ^^(2g)!-^p(A;-/)^, 

lb lb 

k,l=l g=l k,l=l 



^—1 »cJ \ ' 



-{|r|<Cn}. 



q=l r& 

Hence, it follows from the monotone convergence theorem that 



^ = E £ 4( 2 ?) ! E^ r ) a? ' asn ^°°- ( 3 - 22 ) 

5=1 rSZ 



Since / is not constant, one can find some q ^ 1 such that c 2q ^ 0. Moreover, we also have 
J2rez P( r ) 2g ^ P(0) 2g = 1- Hence, > 0, which implies in particular that the infimum 
of the sequence {<7 n }n^i is positive. 

The Gaussian space generated by X = {X k } k£ z can be identified with an isonormal 
Gaussian process of the type X = {X(h) : h G S}}, for $j defined as follows: (i) denote 
by £ the set of all sequences indexed by Z with finite support; (ii) define Sj as the Hilbert 
space obtained by closing £ with respect to the scalar product 

(u, v)fj = u k vip(k - I). (3.23) 
k,iez 

In this setting, we have X(e k ) = X k where e k = {<5fc/}zez, S k i standing for the Kronecker 
symbol. In view of (12.81) . we have 

DG n =-t-=Y,f'(X k )e k . 

Hence 

1 n 1 n 

\\DG n \\% = — fmWMekieih = — E /W/WM* - I), 
so that 

1 n 

W D Gn\\% = — E fWfWfmfiXMi - j) P (k - I). 



n i,j,k,l=l 



We deduce from Cauchy-Schwarz inequality that 
which leads to 



E[\\DG n \\%] < y A {E[f{NY]f fclpWl') . (3.24) 



n 

On the other hand, we also have 

n 



D 2 G?„ = ^ 7 =y;/"(X fc )e fc (8). 
and therefore 

1 n 

D 2 G n ®x D 2 G n = — V f"(X k )f(Xi)p(k - l)e k ® e,. 



Hence 

°" n 72 i,jk,l=l 

(E\f"(N) 4 ])* ^ 



U.V.WtzA 



EIpWI <oo. (3.25) 



By virtue of Theorem 13.21 together with the fact that inf n j>i a n > 0, the inequalities (13.241) 

and (13.251) imply that G n N. Now, in order to show that the ASCLT holds, we shall 
also check that conditions (Ai) and (A 2 ) in Theorem 13.21 are fulfilled. First, still because 
inf nS >icr n > 0, (Ai) holds since we have E[\\D 2 G n ® 1 D 2 G n \\ 2 ^ 2 ] = 0(n _1 ) by (13725) . see 
also Remark [3731 Therefore, it only remains to prove (A 2 ). Gebelein's inequality (see e.g. 
identity (1.7) in [3]) states that 



|Cov[/pQ),/pg]| < EiXtXj] VVarf/pQ)] yVarf/ = p(z - j)Vax[/(iV)]. 
Consequently, 

1 



a k (riVkl 



££Cov[/(X ( ),/(X 3 -)] 



a k aiVkl 



v M[/ Mtg Wr)l ,™^ Wr) , 



Finally, via the same arguments as in Remark [3751 (v4 2 ) is satisfied, which completes the 
proof of Theorem 13.41 
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□ 



The following result specializes Theorem 13.21 by providing a criterion for an ASCLT 
for multiple stochastic integrals of fixed order q ^ 2. It is expressed in terms of the kernels 
of these integrals. 

Corollary 3.6 Let the notation of Section prevail. Fix q ^ 2, and let {G n } be a 
sequence of the form G n = I q (f n ), with f n G $) &q . Assume that E[G^\ = q\\\f n \\%®<i = 1 
for all n, and that 

\\fn ®r /n|U®2(9-n) ^ as Ti ► oo, for every r = 1, . . . , q - 1. (3.26) 

Then, G n —* N ~ «yT(0, 1) as n — > oo. Moreover, if the two following conditions are 
also satisfied 

1 n 1 

(^i) i — ~ y]rll/fc®r/fc||j5®a(«-r) < oo for every r = 1, . . . , g - 1, 
n log n / — ' * 



< 00. 



t/ten {G n } satisfies an ASCLT. In other words, almost surely, for all continuous and 
bounded function <p : R — »■ R, 



1 n 1 

— ^ - — > £[y?(iV)], asn^oo. 



logn f— f fc 



Proof of Corollary [M The fact that G n iV ~ ^(0, 1) follows directly from 
(13 .261) . which is the Nualart-Peccati pjj] criterion of normality. In order to prove that the 
ASCLT holds, we shall apply once again Theorem 13.21 This is possible because a multiple 
integral is always an element of D 2,4 . We have, by (12.131) . 

1 = E[G 2 k ] = E[(DG k , —DL^Gklsj] = ^E[\\DG k \\%}, 

where the last inequality follows from —L~ 1 Gk = -G k , using the definition (I2.11B of L~ x . 
In addition, as the random variables ||IXxfc||« live inside the finite sum of the first 2q 
Wiener chaoses (where all the LP norm are equivalent), we deduce that condition (A ) of 
Theorem 13.21 is satisfied. On the other hand, it is proven in [171 P a g e 604] that 

9-1 / — 2\ 4 

£[||D 2 G fc ®iD 2 G fc ||ia a ] ^? 4 (?-l) 4 X!( r - 1 ) !2 ^_iJ ( 2 9-2-2r)!||/ fe ® r / fe ||| 82(9 _ r) . 



r=l 



Consequently, condition (A[) implies condition (Ai) of Theorem 13.21 Furthermore, by 
(E3|), ElGkGt] = E[l q (f k )I q {fi)] = ql(fkJi)^. Thus, condition (A' 2 ) is equivalent to 
condition (A 2 ) of Theorem 13.21 and the proof of the corollary is done. 
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□ 

In Corollary 13.61 we supposed q ^ 2, which implies that G n = I q (f n ) is a multiple 
integral of order at least 2 and hence is not Gaussian. We now consider the Gaussian case 
g=l. 

Corollary 3.7 Let {G n } be a centered Gaussian sequence with unit variance. If the 
condition (A 2 ) in Theorem \3.2\ is satisfied, then {G n } satisfies an ASCLT. In other words, 
almost surely, for all continuous and bounded function (f : K — > R, 

1 n 1 

y^-(p(G k ) — > £[y2(iV)], asn-^oo. 

logn ' /c 

to fc=i 

Proof of Corollary 13.71 Let t e R and r > be such that |t| < r, and let A n (t) be 
defined as in (13. 16j) . We have 

1 n 1 

E \ A n(t)\ 2 = r^En E 

log n f—^, kI 

k,l=l 
1 n 1 

i n -t 2 
^ log 2 n ^ fcZ 

since |e x — 1| ^ el x l|a;| and ^(G^Grj)! ^ 1. Therefore, assumption (A 2 ) implies (|3.17p . and 
the proof of the corollary is done. n 



-t 2 /2 



-UG, 



4 Application to discrete-time fractional Brownian mo- 
tion 

Let us apply Corollary 13.71 to the particular case G n = B^ /n H , where B H is a fractional 
Brownian motion with Hurst index H G (0, 1). We recall that B H = (Bf) t ^ is a centered 
Gaussian process with continuous paths such that 

E[B?B?\ = i (t 2H + s 2H -\t- s\ 2H ^j , s,t>0. 

The process B H is self-similar with stationary increments and we refer the reader to 
Nualart [H] and Samorodnitsky and Taqqu [20] for its main properties. The increments 

Y k = Bf +1 - Bf , k^O, 

12 



called 'fractional Gaussian noise', are centered stationary Gaussian random variables with 
covariance 

p(r) = E[Y k Y k+r ] = \{\r + l\ 2H + \r - 1\ 2H - 2\r\ 2H ), r G Z. (4.27) 

This covariance behaves asymptotically as 

p(r) ~ H(2H- l)\r\ 2H ~ 2 as \r\ -> oo. (4.28) 
Observe that p(0) = 1 and 

1) For < H < 1/2, p(r) < for r ^ 0, 

^|p(r)|<oo and ^ p (r) = 0. 



2) For i/ = 1/2, p(r) = if r ^ 0. 

3) For 1/2<H < 1, 



^|p(r)| = cx). 



The Hurst index measures the strenght of the dependence when H ^ 1/2: the larger H 
is, the stronger is the dependence. 

A continuous time version of the following result was obtained by Berkes and Horvath 
[2] via a different approach. 

Theorem 4.1 For all He (0, 1), we have, almost surely, for all continuous and bounded 
function <p : R — > WL, 

1 n 1 

i asn^oo. 

to k=l 

Proof of Theorem I4.1[ We shall make use of Corollary I3.71 The cases H < 1/2 and 
H ^ 1/2 are treated separately. From now on, the value of a constant C > may change 
from line to line, and we set p(r) = + ^\ 2H + \r — l\ 2H — 2\r\ 2H ), r e Z. 

Case < 1/2. For any b ^ a ^ 0, we have 

<"^/ (JT^« 2ff / ^-<*-) 2H 

Hence, for / ^ fc ^ 1, we have l 2H - (I - k) 2H < /c 2 ^ so that 
\E[B%B?]\ = -{k 2H + l 2H -{I- k) 2H ) < A; 2 " 
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Thus 



n „ £ 



V - V- V 

fc=l 



rt>2 



n log 01 n f— ' / 



fc 



1 n 1 ' 

X/ „ □ ~ E E 



n log 3 n j^f l 1+H j-^ k 1 



-H ' 



i 



n^2 

n>2 ° i=l fc=l 



/ — ' n log n f—' t ^—^ n log n 

° (=1 n$2 



n>2 



Consequently, condition (A 2 ) in Theorem 13.21 is satisfied. 

Case H ^ 1/2. For Z ^ fc ^ 1, it follows from flCTD - fTPSD that 

fc-i j-i 



i=0 j=0 



j=0 j=0 

< fc ^ |p(r)| ^Ckl 211 ' 1 . 

r=-l+l 

The last inequality comes from the fact that p(0) = 1, p(l) = p(—l) = (2 2H — l)/2 and, 
if r > 2, 



|p(-r)| = |p(r)| = - flf )flf ] = H(2H - 1) / du / dv(v - 

JO Jr 

<: H(2H-l)f (r -u) 2H - 2 du ^ H(2H - l)(r - 1) : 



t 2H-2 



\2H-2 



Consequently, 



n ., I 



V - V-T 

^ nlog 3 nf^ / 

n>2 ° 1=1 k=l 



\E\Gkd 



y 1 y 1 ^\E[B%B?\ 



n>2 



n log 3 n f-' l 1+H f-f 
° z=i k=i 

1 n 1 ' 1 

n^2 ° i=l k=l 

1 y" 1 < L 

4^ n log 3 n z ^ Z-^wa 

n>2 ° Z=l 



n>2 



ralog n 



< oo. 



Finally, condition (Az) in Theorem 13.21 is satisfied, which completes the proof of Theorem 

□ 



El 
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5 Partial sums of Hermite polynomials: the Gaussian 
limit case 



Let X = {Xk}kez be a centered stationary Gaussian process and for all r £ Z, set 
p(r) = E[X X r }. Fix an integer q ^ 2, and let H q stands for the Hermite polynomial of 
degree q, see (12.21) . We are interested in an ASCLT for the g-Hermite power variations of 
X, defined as 

n 

V n = J2 H ,( x k), n^l, (5.29) 

k=l 

in cases where V n , adequably normalized, converges to a normal distribution. Our result 
is as follows. 

Theorem 5.1 Assume that J2 r &z \p( r )\ 9 < °°.> ^at J2 r ezP( r ) 9 > ® an< ^ ^ere exists 
a > such that ^| r | >n \p(r)\ q = 0(n~ a ), as n —> oo. For any n ^ 1, define 

r ^ 



where V n is given by 115. 29) and a n denotes the positive normalizing constant which ensures 

that E[G n ] = 1. Then G n — > N ~ ^(0, 1) as n — > oo, and {G n } satisfies an ASCLT. 
In other words, almost surely, for all continuous and bounded function tp : M. — > IL 

1 n 1 

i 5^T^( G fc) —+E[<p(N)], asn-^oo. 

logn ' k 

to fc=i 

Proof. We shall make use of Corollary 13.61 Let C be a positive constant, depending only 
on q and p, whose value may change from line to line. We consider the real and separable 
Hilbert space ft as defined in the proof of Theorem 13.41 with the scalar product (13.231) . 
Following the same line of reasoning as in the proof of (13.221) . it is possible to show that 
a n ~~ * J2r£zP( r ) 9 > 0- bi particular, the infimum of the sequence {a n } n ^i is positive. 
On the other hand, we have G n = I q (f n ), where the kernel f n is given by 

n 

with Sk = {8ki}i£Zi standing for the Kronecker symbol. For all n ^ 1 and r = 
1, . . . , q — 1, we have 



1 n 

fn ®r fn = Y] P( k ~ l Y £ 



\r®{q—r) „ ®(<J— r) 

ai n 



k ^ £ l 



k,l=l 
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We deduce that 

1 - 

||/n ®r /n|||« M = ^ E " 0>(< " j'M* ~ P(! " 

n i,j,k,l=l 

Consequently, as in the proof of (13.251) . we obtain that \\f n ® r / n ||i®(2,-2r) ^ where 



a. = 4- E ipwi r ip(^)ripHr r ip(-«+^ + 



w)\ q - r 



11 u,v,wEJJ n 



with D n = {—n, . . . ,n}. Fix an integer m ^ 1 such that n ^ m. We can split A n into 
two terms A n = 5 n m + C n m where 



B n ,m = 4- E i^)i r i^)ripHi 9 " r ip(-«+^+^)i 9 " r 
Cn, m = 4- E ipHi r ipwripHi^ r iP( 



|u|V|u|V|tu|>m 



" u,v,w£D 



We clearly have 



A vm ^i-||p02m + l) 3 ^ 



On the other hand, D n D {\u\ V \v\ V \w\ > m} C D nmu U D n ^ mv U D nim>w where the 
set D n ^ mu = {\u\ > m,\v\ ^ n, ^ n} and a similar definition for D n>miV and D n>miW . 
Denote 



C n m.u = 4~ E |p(«)| r |p(«)| r |p(ttf)|«- r |p(-« + V + 

and a similar expression for C n>mjV and C n!m>V] . It follows from Holder inequality that 
C n , m ,u^^\ E \p(u)\ q \p(v)\ q ) [ E |pH| f/ |p(-^ + ^ + ^)| f/ ] -(5-30) 



However, 



E ip(u)H P (tor^(2n+i) e moi'Emoi^C" E 

u,v,w£D n , m ,u |«|>m t>£Z |u|>m 



Similarly, 



E IpHHp(-« + « + «oi« < (2n + 1) e IpOOI* E < 

u,v,w£D„ }m>u v€Z w&L 
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Therefore, (15.301) and the last assumption of Theorem 15.11 imply that for m large enough 



\u\ >m 

We obtain exactly the same bound for C n>mjV and C n ^ w . Combining all these estimates, 
we finally find that 



m 



||/n ®r /n||i®(a«-ar) ^ C X ird \ + m " > ^ Cn a 4 +«r 

J m^n n J 

q 

by taking the value m = n 3 i+ ar . It ensures that condition (A'i) in Corollary 13.61 is met. 
Let us now prove (A' 2 ). We have 



{fk, fi)sj®i 



1 



a k aiVkl 



k I 



k I 



0l f 



so (A' 2 ) is also satisfied, see Remark IBT31 which completes the proof of Theorem 15.11 



□ 



The following result contains an explicit situation where the assumptions in Theorem 15.11 
are in order. 

Proposition 5.2 Assume that p(r) ~ \r\~^L{r), as \r\ — > oo, for some [3 > 1/q and 
some slowly varying function L. Then Xlrez lp( r )l 9 < 00 an< ^ there exists a > such that 
Y,\ r \>nW)\ q = 0{n- a ), asn->oo. 

Proof. By a Riemann sum argument, it is immediate that 5^ rgZ < oo. Moreover, 

(n) so that we can choose 



2 n l 



by HQ Prop. 1.5.10], we have £ w>f >(r)|« 
a = oC/^? — 1) > (for instance). 



□ 



6 Partial sums of Hermite polynomials of increments 
of fractional Brownian motion 

We focus here on increments of the fractional Brownian motion B H (see Section 4 for 
details about B H ). More precisely, for every q ^ 1, we are interested in an ASCLT for 
the g-Hermite power variation of B H , defined as 

n-l 

V n = Y,H q {B« + i-Bf), n>l, (6.31) 

k=0 
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where H q stands for the Hermite polynomial of degree q given by (12.21) . Observe that 
Theorem 14.11 corresponds to the particular case q — 1. That is why, from now on, we 
assume that q ^ 2. When H ^ 1/2, the increments of B H are not independent, so the 
asymptotic behavior of (16.311) is difficult to investigate because V n is not linear. In fact, 
thanks to the seminal works of Breuer and Major [6], Dobrushin and Major [H], Giraitis 
and Surgailis [9j and Taqqu [22], it is known (recall that q ^ 2) that, as n — > oo 

• If < H < 1 - f , then 

G n := — 5%= «yK(0, 1). (6.32) 



If # = 1 



77-, then 



C„ : = 



Vn 

a n ^n \ogn 



law 



(6.33) 



If H > 1- i then 



G n := n^^)-V n 



law 



(6.34) 



where (?„ has an 'Hermite distribution'. Here, a n denotes the positive normalizing con- 
stant which ensures that E[G^\ = 1. The proofs of (16.321) and (|6.33l) . together with rates 
of convergence, can be found in [U] and [5], respectively. A short proof of (I6.34f) is given 
in Proposition 16.11 below. Notice that rates of convergence can be found in [5]. Our proof 
of (16.341) is based on the fact that, for fixed n, Z n defined in (16.351) below and G n share 
the same law, because of the self-similarity property of fractional Brownian motion. 

Proposition 6.1 Assume H > 1 — and define Z n by 

n-l 

Z n = n"^ H ^J2 H ^ H ( B H + i )/ n ~ Bf/J), n > 1. (6.35) 

k=0 

Then, as n — * oo, {Z n } converges almost surely and in L 2 (f2) to a limit denoted by Z^, 
which belongs to the qth chaos of B H . 

Proof. Let us first prove the convergence in L 2 (f2). For n, m ^ 1, we have 

n— 1 m— 1 

E[Z n Z m ] = qlinmy- 1 £ £ (£[(£g +1)/n - £f /n ) 1)/m - B« m )]) q . 

k=0 1=0 

Furthermore, since H > 1/2, we have for all s,t^0, 

E[BfB*\ = H(2H - 1) f du f dv\u - v\ 2H ~ 2 . 

Jo Jo 
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Hence 



n-l m-l / p(k+l)/n r(l+l)/m 

E\Z n Z m ] = q\H q (2H - l) q x V V \nm \ du dv\v - u ]2H ~ 2 

nmJ H,,»\ Jk/n Jl/m 



k=0 1=0 

Therefore, as n, m — »• oo, we have, 



k/n Jl/m 



E[Z n Z m ] -> q\H q {2H - l) q [ \u- v\ {2H - 2)q dudv, 

ifo.il 2 



[0,1] 

and the limit is finite since H > 1 — In other words, the sequence {Z n } is Cauchy in 
L 2 (f2), and hence converges in L 2 (Q) to some 2^. 

Let us now prove that {Z n } converges also almost surely. Observe first that, since Z n 
belongs to the gth chaos of B H for all n, since {Z n } converges in L 2 (Q) to Z^ and since 
the gth chaos of B H is closed in L 2 (fl) by definition, we have that Z^ also belongs to the 
qth chaos of B H . In Proposition 3.1], it is shown that E[\Z n - Z^] 2 } ^ Cn 2q ^~ 2qH , 
for some positive constant C not depending on n. Inside a fixed chaos, all the ZAnorms 
are equivalent. Hence, for any p > 2, we have E[\Z n — Z^] ^ Cn p ( q ~ 1 / 2 ~ qH \ Since 
H > 1 — ^ , there exists p > 2 large enough such that (q — 1/2 — )p < — 1 . Consequently 



< (X), 



leading, for all £ > 0, to 

Y / P[\Z n -Z 00 \>e]<oo. 



Therefore, we deduce from the Borel-Cantelli lemma that {Z n } converges almost surely 

tO Zqq. □ 

We now want to see if one can associate almost sure central limit theorems to the 
convergences in law (|6.32j) . (16.331) and (16. 34ft . We first consider the case H < 1 — ^~ 



2q- 



Proposition 6.2 Assume that q ^ 2 and that H < 1 — and consider 
G, V « 



as in $6. Sty . Then, {G n } satisfies an ASCLT. 

Proof. Since 2H — 2 > 1/g, it suffices to combine (14. 28j) . Proposition 15.21 and Theorem 

EU □ 

Next, let us consider the critical case H = 1 — In this case, J2 r ez \p( r )\ q = 00 • 
Consequently, as it is impossible to apply Theorem l5.ll we propose another strategy which 
relies on the following lemma established in [5]. 
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Lemma 6.3 Set H = 1 — Zet 6e i/ie rea/ and separable Hilbert space defined as 
follows: (i) denote by S the set of all M.-valued step functions on [0, oo), (ii) define $j as 
the Hilbert space obtained by closing $ with respect to the scalar product 

(l m ,l M ) Ji = E[B*B?]. 

For any n^2, let f n be the element of $) Gq defined by 

n—l 

where a n is the positive normalizing constant which ensures that q\\\f n \\%<sq = 1- Then, 
there exists a constant C > 0, depending only on q and H such that, for all n ^ 1 and 
r = 1, • -.,<?- 1 

\\fn ®r /n|U®(2 9 -2r) < C(log n)~ 1/2 . 

We can now state and prove the following result. 

Proposition 6.4 Assume that q ^ 2 and H = 1 — j-, an d consider 

<J"n 



<r n VnTogn 

as in ( tff. 33\) . Then, {G n } satisfies an ASCLT. 

Proof of Proposition I6.4L We shall make use of Corollary 13.61 Let C be a positive 
constant, depending only on q and H, whose value may change from line to line. We 
consider the real and separable Hilbert space i} as defined in Lemma 16.31 We have 
G n = Iq(fn) with f n given by (I6.36p . According to Lemma [6731 we have for all k ^ 1 and 
r=l,...,q — l, that \\f k <g> r fkWsjvPt-*-) < C(log k)~ 1/2 . Hence 



1 n 1 1 n 



:2 nlog n ^ A; ^ nlog n ^ fcv^gT 

1 

n loe; 3 ^ 2 n 



< c E rr^ <0 °- 



n>2 

Consequently, assumption (A[) is satisfied. Concerning (v4' 2 ), note that 

fc-i i-i 



(fk, fi)sp* = , 1 7== E ^ ~ * 

V ft ioe fcv / log / ^— * 



i=o i=o 
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We deduce from Lemma 16751 below that oi — > cr 2 > 0. Hence, for all Z > k > 1 



n "oo 
fc-1 i-1 



C 

i=0 j=0 
fc-1 l-l-i 

E E IM")" 

i=0 r=— i 
i 
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\/k log 


[ky/l log/ 




C 


log 


;fcv^ l°g^ 


C 


Vk 



fc log / 



Vlog ky/l log Z ^ 1 1 V Z log k 



The last inequality follows from the fact that Y^! r =-i \ p{ r )\ 1 ^ ClogZ since, by (I4.28|) . as 

|r| — > oo, 

p(r) ~ ( 1 - - J ( 1 - — \ \r\~ l ' q . 



qj V 2g 
Finally, assumption (A' 2 ) is also satisfied as 

>p 1 y \{fk, fl)$j®<l I < ^ 1 | (fk, /z)j3«ig 



n.^2 ° fc,£=2 ri^2 ° 1=2 k=2 

n^2 

< cY—^-Y^^cY—^-koo. 

^nlogn^l f^log n 



1 y^ y/logZ ^ 1 

^ ^ n log 3 n Z 3 / 2 ^ y/k log fc : 



□ 



In the previous proof, we used the following lemma. 
Lemma 6.5 Assume that q ^ 2 and H — 1 — i. TTien, 

Proof. We have E[(B% +1 - B%)(B^ - Bf)] = p(k - Z) where p is given in (TOTD . Hence, 

n— 1 n— 1 

£[K 2 ] = £ - )^« x - b*)) = q i"£ P (k - iy, 

k,l=0 k,l=0 
n—1 71— 1— i 

i=0 r=-( |r|<n 

= ?! [w £ p{r) q - £ (|r| + l)p(r 

\ |r|<n |r|<n 
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On the other hand, as |r| — > oo, 

) l0g " 

□ 

Finally, we consider 

G n = n^-^Vn (6.37) 

with H > 1 — y- We face in this case some difficulties. First, since the limit of {G n } in 
(I6.34p is not Gaussian, we cannot apply our general criterion Corollary 13.61 to obtain an 
ASCLT. To modify adequably the criterion, we would need a version of Lemma 12.21 for 
random variables with an Hermite distribution, a result which is not presently available. 
Thus, an ASCLT associated to the convergence in law (16.341) falls outside the scope of this 
paper. We can nevertheless make a number of observations. First, changing the nature 
of the random variables without changing their law has no impact on CLTs as in (16.341) . 
but may have a great impact on an ASCLT. To see this, observe that for each fixed n, 
the ASCLT involves not only the distribution of the single variable G n , but also the joint 
distribution of the vector (G\, . . . , G n ). 

Consider, moreover, the following example. Let {G n } be a sequence of random vari- 
ables converging in law to a limit G^. According to a theorem of Skorohod, there is a 
sequence {G^} such that for any fixed n, G* = G n and such that {G^} converges almost 

surely, as n — > oo, to a random variable G^ with G*^ = Goo- Then, for any bounded 
continuous function ip : E — > K, we have <^(G*) — > ipiG*^) a.s. which clearly implies the 
almost sure convergence 

1 n 1 

i — Er^)^^)- 

to k=i 

This limit is, in general, different from E[<p(Gl Q )] or equivalently E[ip(G oa )], that is, 
different from the limit if one had an ASCLT. 

Consider now the sequence {G n } defined by (16.371) . 



q J \ 2qJ\r 
Therefore, as n — > oo, 

IV/ IV 



2 1 



and 



\r\<n V \ <|r|<n 1 



\r\<n \r\<n 

Consequently, as n — > oo, 



n log n \ qj\ 2g 
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Proposition 6.6 The Skorohod version of 



(6.38) 



n-l 



Z n = n^- H ^Y,H q (n H {B { 



■H 

(fc+l)/n 



B k/n))i 



(6.39) 



fc=0 



Proof. Just observe that G* = G n and G* converges almost surely by Proposition I6.ll n 

Hence, in the case of Hermite distributions, by suitably modifying the argument of 
the Hermite polynomial H q in a way which does not change the limit in law, namely by 
considering Z n in (16. 39p instead of G n in (16.38|) . we obtain the almost sure convergence 



The limit ^(Z^) is, in general, different from the limit expected under an ASCLT, namely 
E[(p(Z 00 )], because Z ro is a non-constant random variable with an Hermite distribution 
(Dobrushin and Major [B], Taqqu [22]). Thus, knowing the law of G n in (I6.38|) . for a fixed 
n, does not allow to determine whether an ASCLT holds or not. 

Acknowledgments. This paper originates from the conference "Limit theorems and ap- 
plications", University Paris I Pantheon-Sorbonne, January 14-16, 2008, that the three 
authors were attending. We warmly thank J.-M. Bardet and C. A. Tudor for their invi- 
tation and generous support. Also, I. Nourdin would like to thank M. S. Taqqu for his 
hospitality during his stay at Boston University in March 2009, where part of this research 
was carried out. Finally, we would like to thank two anonymous referees for their careful 
reading of the manuscript and for their valuable suggestions and remarks. 

References 

[1] I. Berkes and E. Csaki (2001). A universal result in almost sure central limit theory. Stock. 
Proc. Appl. 94, no. 1, 105-134. 

[2] I. Berkes and L. Horvath (1999). Limit theorems for logarithmic averages of fractional 
Brownian motions. J. Theoret. Probab. 12, no. 4, 985-1009. 

[3] M. Beska and Z. Ciesielski (2006). On sequences of the white noises. Probab. Math. Statist. 
26, no. 1, 201-209. 

[4] N.H. Bingham, CM. Goldie and J.L. Teugels (1989). Regular Variation. 2nd edition, Cam- 




bridge 



23 



[5] J.-C. Breton and I. Nourdin (2008). Error bounds on the non-normal approximation of 
Hermite power variations of fractional Brownian motion. Electron. Comm. Probab. 13, 482- 
493. 

[6] P. Breuer and P. Major (1983). Central limit theorems for nonlinear functionals of Gaussian 
fields. J. Multivariate Anal. 13, no. 3, 425-441. 

[7] G. A. Brosamler (1988). An almost everywhere central limit theorem. Math. Proc. Cambridge 
Philos. Soc. 104, no. 3, 561-574. 

[8] R. L. Dobrushin and P. Major (1979). Non-central limit theorems for nonlinear functionals 
of Gaussian fields. Z. Wahrsch. verw. Gebiete, no. 50, 27-52. 

[9] L. Giraitis and D. Surgailis (1985). CLT and other limit theorems for functionals of Gaussian 
processes. Z. Wahrsch. verw. Gebiete, no. 70, 191-212. 

[10] K. Gonchigdanzan (2001). Almost Sure Central Limit Theorems. PhD thesis, University of 
Cincinnati, available online. 

[11] I. A. Ibragimov and M. A. Lifshits (1998). On the convergence of generalized moments in 
almost sure central limit theorem. Statist. Probab. Lett. 40, no. 4, 343-351. 

[12] I. A. Ibragimov and M. A. Lifshits (2000). On limit theorems of "almost sure" type. Theory 
Probab. Appl. 44, no. 2, 254-272. 

[13] S. Janson (1997). Gaussian Hilbert Spaces. Cambridge University Press. 

[14] M.T. Lacey and W. Philipp (1990). A note on the almost sure central limit theorem. Statist. 
Probab. Letters 9, 201-205. 

[15] P. Levy (1937). Theorie de I'addition des variables aleatoires. Gauthiers-Villars. 

[16] I. Nourdin and G. Peccati (2009). Stein's method on Wiener chaos. Probab. Theory Related 
Fields 145, no. 1, 75-118. 

[17] I. Nourdin, G. Peccati and G. Reinert (2009). Second order Poincare inequalities and CLTs 
on Wiener space. J. Fund. Anal. 257, 593-609. 

[18] D. Nualart (2006). The Malliavin calculus and related topics. Springer- Verlag, Berlin, 2nd 
edition. 

[19] D. Nualart and G. Peccati (2005). Central limit theorems for sequences of multiple stochastic 
integrals. Ann. Probab. 33, no. 1, 177-193. 

[20] G. Samorodnitsky and M. S. Taqqu (1994). Stable non-Gaussian random processes. Chap- 
man and Hall, New York. 

[21] P. Schatte (1988). On strong versions of the central limit theorem. Math. Nachr. 137, 249- 
256. 

[22] M. S. Taqqu (1979). Convergence of integrated processes of arbitrary Hermite rank. Z. 
Wahrsch. verw. Gebiete 50, 53-83. 



24 



